Abstract: A study of the micromechanical damage behavior of asphalt concrete is presented. Asphalt concrete is composed of aggregates, mastic cement, and air voids, and its load carrying behavior is strongly related to the local microstructural load transfer between aggregate particles. Numerical simulation of this micromechanical behavior was accomplished by using a finite-element model that incorporated the mechanical load-carrying response between aggregates. The finite-element scheme used a network of special frame elements each with a stiffness matrix developed from an approximate elasticity solution of the stress and displacement field in a cementation layer between particle pairs. Continuum damage mechanics was then incorporated within this solution, leading to the construction of a microdamage model capable of predicting typical global inelastic behavior found in asphalt materials. Using image processing and aggregate fitting techniques, simulation models of indirect tension, and compression samples were generated from surface photographic data of actual laboratory specimens. Model simulation results of the overall sample behavior and evolving microfailure/ fracture patterns compared favorably with experimental data collected on these samples.
Introduction
Asphalt concrete is a complex heterogeneous material composed of aggregate, mastic cement, additives, and void space. For such materials, the macroload carrying behavior and resulting failure depend on many microphenomena that occur at the aggregate/ mastic level. Important microbehaviors are related to mastic properties including volume percentage, elastic moduli, inelastic/timedependent response, aging hardening, microcracking, and debonding from aggregates. Other microstructural features include aggregate size, shape, texture, and packing geometry. Because of these issues it appears that a micromechanical model is needed to simulate this material. Micromechanics offers the possibility to more accurately predict asphalt failure behavior and to relate such behavior to particular mix parameters such as mastic properties, aggregate gradation, and sample compaction.
Recently, many studies have been investigating the micromechanical behavior of particulate, porous, and heterogeneous materials. For example, studies on cemented particulate materials by Dvorkin et al. ͑1994͒ and Zhu et al. ͑1996͒ provided information on the normal and tangential load transfer between cemented particles, and would be fundamental in developing a micromechanical theory for load distribution and failure of such materials. Recent applications of such contact-based micromechanical analysis for asphalt concrete behavior have been reported by Chang and Gao ͑1997͒, Cheung et al. ͑1999͒, and Zhu and Nodes ͑2000͒. In a related study, Krishnan and Rao ͑2000͒ used mixture theory to explain air void reduction in asphalt materials under load.
Numerical modeling of cemented particulate materials has generally used both finite and discrete-element methods. The discrete element method ͑DEM͒ analyzes particulate systems by modeling the translational and rotational behaviors of each particle using Newton's second law. Using appropriate interparticle contact forces, the scheme establishes a time-stepping procedure to determine each of the particle motions. The DEM studies on cemented particulate materials include the work by Rothenburg et al. ͑1992͒, Chang and Meegoda ͑1993͒, Trent and Margolin ͑1994͒, Buttlar and You ͑2001͒, Ullidtz ͑2001͒, and Sadd et al. ͑1992͒, and Sadd and Gao ͑1997͒.
In regard to finite element modeling ͑FEM͒, Sepehr et al. ͑1994͒ used an idealized finite element microstructural model to analyze the behavior of an asphalt pavement layer. Soares et al. ͑2003͒ used cohesive zone elements to develop micromechanical fracture model of asphalt materials. A common finite element approach to simulate particulate and heterogeneous materials has used an equivalent lattice network system to represent the interparticle load transfer behavior. This type of microstructural modeling has been used previously: Bazant et al. ͑1990͒, Mora ͑1992͒, Sadd and Gao ͑1998͒, and Budhu et al. ͑1997͒. Along similar lines, Guddati et al. ͑2002͒ recently presented a random truss lattice model to simulate microdamage in asphalt concrete and demonstrated some interesting failure patterns in an indirect tension test geometry. Bahia et al. ͑1999͒ have also used finite elements to model the aggregate-mastic response of asphalt materials. Mustoe and Griffiths ͑1998͒ developed a FEM, which was equivalent to a particular discrete element approach. They pointed out that the FEM model has an advantage over the discrete element scheme for static problems.
Damage mechanics provides a viable framework for the description of distributed material damage including material stiffness degradation, microcrack initiation, growth and coalescence, and damage-induced anisotropy. Continuum damage mechanics is based on the thermodynamics of irreversible processes to characterize elastic-coupled damage behaviors ͑Chaboche 1988͒. Simo and Ju ͑1987͒ developed strain-and stress-based anisotropic continuum damage models, and Kachanov ͑1987͒ proposed a microcrack-related continuum damage model for brittle materials. These models focus on the relation between damage and effective elastic properties. With respect to asphalt materials, Lee and Kim ͑1998͒ developed a viscoelastic constitutive model to study the rate-dependent damage growth and damage healing behaviors. Sangpetngam et al. ͑2003͒ recently used a displacement discontinuity boundary element approach to simulate the cracking behavior of asphalt mixtures. Papagiannakis ͑2002͒ employed imaging techniques to capture the asphalt concrete microstructure and conducted FEM studies for the viscoelastic response. Work by Wang et al. ͑1999͒ used imaging techniques for measuring strains within the mastic by comparing deformations before and after the load application.
This paper presents a numerical modeling scheme for asphalt concrete based on micromechanical simulation using the finiteelement method. The model first incorporates an equivalent lattice network approach whereby the local interaction between neighboring particles is modeled with a special frame-type finite element. The element stiffness matrix is constructed by considering the normal, tangential and rotation behaviors between cemented particles using an approximate elasticity solution within the interparticle cementation. Inelastic mastic damage behaviors are then simulated by incorporating a continuum damage mechanics theory within the FEM model. This theoretical formulation was then implemented into the commercial ABAQUS finite-element analysis code using user-defined elements. In our previous work Sadd et al. ͑2001, 2002 Sadd et al. ͑2001, , 2004a ,b͒ applied these modeling procedures on numerically generated asphalt samples with idealized microstructure. The current work explores the use of real asphalt samples to generate the numerical model used in the finite element simulation. To capture the microstructure of real asphalt materials, numerical imaging models were generated from surface scans of actual asphalt specimens. Using image processing, digital photographs of the sample's surface microstructure provided numerical information for curve fitting algorithms to determine idealized aggregate dimensions and locations. Imaging models of indirect tension and compression specimens were generated to conduct numerical simulations. Comparisons were made of the overall sample behavior and the internal damage pattern between the imaging model and test specimen.
Micromechanical Finite-Element Model
The basics of our micromechanical finite-element model have been developed in previous studies ͑Sadd et al. 2001, 2002, 2004a,b͒. In order to present the new applications in the current work, we briefly review some of the basic model developments. Bituminous asphalt concrete can be described as a multiphase material containing aggregate, mastic cement ͑including asphalt binder and fine particles͒ and air voids ͑see Fig. 1͒ . The load transfer between the aggregates plays a primary role in determining the load carrying capacity and failure of such complex materials. In order to develop a micromechanical model of this behavior, proper simulation of the load transfer between the aggregates must be accomplished. The aggregate material is normally much stiffer than the mastic, and thus aggregates are taken as rigid particles. On the other hand, the mastic cement is a compliant material with elastic, inelastic, and time-dependent behaviors. In order to properly account for the load transfer between aggregates, it is assumed that there is an effective mastic zone between neighboring particles. It is through this zone that the micromechanical load transfer occurs between each aggregate pair. This loading can be reduced to resultant normal and tangential forces and a moment as shown in Fig. 1 .
In order to model the interparticle load transfer behavior, some simplifying assumptions must be made about allowable aggregate shape and mastic geometry. Studies on aggregate geometry have commonly quantified particle size, shape, angularity and texture. However, for the present modeling only size and shape will be considered. In general, asphalt concrete contains aggregate of very irregular geometry as shown in Fig. 2͑a͒ . Our approach is to allow variable size and shape using an idealized elliptical aggregate model as represented in Fig. 2͑b͒ . The finite-element model then uses an equivalent lattice network approach, whereby the interparticle load transfer is simulated by a network of specially created frame-type finite elements connected at particle centers as shown in Fig. 2͑c͒ . From granular materials research, the material microstructure or fabric can be characterized to some extent by the distribution of branch vectors which are the line segments drawn from adjacent particle mass centers. Note that the proposed finite-element network coincides with the branch vector distribution.
Cementation between neighboring particles was generated using two different schemes: freely filled and maximally filled Fig. 3 . Freely filled cementation is parallel to the branch vector and can be asymmetrically distributed ͓Fig. 3͑a͔͒. Maximally filled cementation is symmetrical about the branch vector and completely occupies the area between the two ellipse axes perpendicular to the branch vector ͓Fig. 3͑b͔͒. The cementation geometry parameters ͑width w and average thickness h͒ are calculated as shown in Fig. 3 .
The current network model uses a specially developed, twodimensional frame-type finite element to simulate the interparticle load transfer. These two-noded elements have the usual three degrees of freedom ͑two displacements and a rotation͒ at each node and the element equation is written as
where U i , V i , and i = nodal displacements and rotations; and F .. and M . = nodal forces and moments. The usual scheme of using bar and/or beam elements to determine the stiffness terms is not appropriate for the current applications, and therefore these terms were determined using an approximate elasticity solution from Dvorkin et al. ͑1994͒ for the stress distribution in a cement layer between two particles. Since the particle material stiffness is much greater than that of the cement layer, the particles are assumed to be rigid. Dvorkin has shown that effects of nonuniform cement thickness for each mastic element are generally small, so the analytical solution with average cement thickness h for each mastic element was used. The two-dimensional model geometry ͑uniform thickness case͒ is shown in Fig. 4 . Note that freely filled scheme allows arbitrary nonsymmetric cementation, and thus the finite element line will not necessarily pass through the center of the mastic material. Thus in general, w = w 1 + w 2 , but w 1 w 2 w / 2, and an eccentricity variable may be defined by e = ͑w 2 − w 1 ͒ /2.
The stresses x , z , and xz within the cementation layer can be calculated for unit normal, tangential, and rotational particle motion cases. These stresses can then be integrated to determine the total load transfer between particles through the cement mastic. For example, the resultant forces and moments on a pair of particles ͑1͒ and ͑2͒ for the cases of unit normal, tangential and rotational motions on particle ͑1͒ are given by Fig. 4 . Cementation between two adjacent particles Fig. 3 . Cementation between two neighboring particles: ͑a͒ freely filled cementation; and ͑b͒ maximally filled cementation
Similar calculations can be done for the case with unit normal, tangential, and rotational motions on particle ͑2͒. These resultant force and moment calculations determine the various stiffness terms needed in the element Eq. ͑1͒, giving the final result
where K nn = ͑ +2͒w / h; K tt = w / h; and = usual elastic moduli; w and h = the cementation width and average cementation thickness; r 1 and r 2 = radial dimensions from each aggregate center to the cementation boundary; w 1 and w 2 = left and right width of cementation; and e = ͑w 2 − w 1 ͒ / 2. Each mastic element stiffness matrix is significantly different depending on the two-particle layout and size, and mastic geometry. This procedure establishes the elastic stiffness matrix, which is a function of the material microstructure and mastic moduli.
Damage Mechanics Model
To simulate the inelastic damage behaviors observed in asphalt materials, continuum damage mechanics was incorporated within the interparticle cementation model. Among the previous work in this area, the approach by Ishikawa et al. ͑1986͒ was selected for use in our FEM. The theory was originally developed for concrete materials whereby the internal microcracks within the matrix cement and around the aggregates are modeled as a continuous defect field. Inelastic behavior is thus developed by the growth of damage within the material with increasing loading. A damage tensor ͓⍀͔ is defined by considering the reduction of the effective area of load transfer within the continuum. The damage stiffness matrix ͓D s ͔ can be expressed in terms of the initial elastic stiffness matrix ͓D 0 ͔ using continuum damage principles
In order to characterize the nonlinear damage behavior of asphalt concrete, a particular Weibull distribution function is chosen to describe the evolution of the defect field within the mastic cement. Such forms have been used before and for the uniaxial hardening response, the constitutive relation is taken as
where the material parameters 0 and b are related to the softening strain and damage evolution rate, respectively; 0 = material strength; and D 0 = 0 b / 0 = initial elastic stiffness. Using the damage stiffness definition from relationship ͑6͒, the incremental uniaxial damage stiffness D s and the damage scalar ⍀ become
where ⍀ =1−e −b͑/ 0 ͒ . In this damage model, the critical damage scalar ⍀ c and critical strength c are expressed as
Note for this case, the critical value of the damage scalar ⍀ c could be less than 1. Once the damage scalar reaches ⍀ c , the material will gradually lose its stiffness. After critical strength, the softening behavior is taken as
where m = material parameter related to the softening rate. The corresponding incremental damage softening stiffness D s and the damage scalar ⍀ become
The uniaxial stress-strain response corresponding to this particular constitutive model is shown in Fig. 5 for the case of 0 = 0.2, b = 5 and m =1. This damage modeling scheme was incorporated into the finite-element network model by modifying the microframe element stiffness matrix given in Eq. ͑5͒. Using the uniaxial relation ͑8͒, the incremental normal and tangential damage stiffness terms for the hardening behavior can be written as
and using Eq. ͑11͒ the corresponding incremental normal and tangential damage softening stiffnesses are given by
where ⌬u n and ⌬u t = normal and tangential accumulated relative displacements and ⌬U n and ⌬U t = normal and tangential displacement softening criteria. Thus the microframe element incremental damage stiffness matrix ͓K s ͔ is constructed from Eq. ͑5͒ by replacing K nn and K tt with ͑K nn ͒ s and ͑K tt ͒ s . The initiation of mastic softening behavior for tension, compression and shear is governed by softening criteria based on accumulated relative displacements between particle pairs. A simple and convenient scheme to determine the softening criteria is based on using the dimensions of the interparticle mastic geometry in the form
where c nt ,c nc ,c tt = tension, compression, and shear softening factors. These criteria correspond to the average critical strength. Since the cementation geometry h and w will in general be different for each particle pair, it is expected that each element will have different softening criteria related to its local microstructure. This damage behavior is a result of the mastic material's defects that could include evolving microcracking leading to a separation or debonding between aggregate pairs. In order to simulate such total failure, elements were given a mastic failure criterion for tension, compression or shear based on the average failure strength f
where c f = failure factor related to the average failure strength in each behavior, and c indicates average critical strength in the corresponding behavior. The failure criterion for the uniaxial behavior is shown in Fig. 5 with the case of c f = 0.03. For this case, the failed elements still remain in the computation model, but their stiffnesses are very small and they carry very little load. For the compression behavior between particle pairs, the cementation spacing will decrease with load increment. Eventually, softening behavior will be initiated and the total element stiffness will significantly decrease. This will lead to the closing of the cementation gap when ⌬u n ͑c͒ = h, thus creating contact between the aggregates. At this point the element normal stiffness must be modified to account for this change of physics. The aggregate-toaggregate stiffness would be significantly higher than the cementation elastic stiffness and currently the model uses a contact stiffness three orders of magnitude larger than the elastic stiffness. This damage modeling scheme was incorporated into the ABAQUS finite-element code using the nonlinear user-defined element ͑UEL͒ subroutine. The UEL subroutine determines the compression and tension force in each element and performs the required damage calculations in the normal and tangential directions based on the prescribed softening and failure criteria. Displacement controlled boundary conditions were employed and the modified Riks method was used in order to provide a more stable solution scheme. Also, because aggregate ͑nodal͒ displacements became sizeable, the mesh geometry was updated during each load increment.
A series of numerical indirect tension simulations were conducted on a model using different values of mastic softening factors and model parameters b and m. In our previous work, Sadd et al. ͑2004b͒ included the indirect tension sample simulation response of vertical load versus displacement for a numerical model using three different compression softening factors. Since each case had identical elastic moduli and other model parameters, the initial responses were essentially the same. However, as the compression softening factor increased, less softening behavior was generated and these cases produced a higher maximum load. Similar trends were also found in simulations with different tension or shear softening factors, and the observed sensitivity could be ranked as compressionϾ shearϾ tension. Parametric variation of model parameters b and m showed only small effects on the hardening damage evolution and softening rates of the overall model behavior. 
Indirect Tension Image Model Generation and Simulation
In order to capture real asphalt concrete microstructure, simulation material models were generated using imaging analysis procedures from photographic data of actual asphalt samples. The MATLAB image toolbox, DIPimage toolbox for MATLAB ͑2004͒, and Adobe Photoshop were used for the image analysis. Surface electronic images were digitally processed and sieved to determine aggregate geometry using the ImagePro Code. A leastsquares curve-fitting routine ͑EllipFit code͒ was developed within MATLAB and used to numerically fit the best ellipse to each sieved aggregate. Once the idealized elliptical particulate distribution was established, the finite-element modeling procedures could then be implemented to conduct a loading simulation on the scanned sample.
The first model generation was conducted on a standard 102 mm diameter indirect tension sample shown in Fig. 6 . A digital camera provided an electronic RGB image of the sectioned specimen, and this was converted to grayscale using Adobe Photoshop as shown in Fig. 6͑a͒ . The image processing steps can be summarized as follows: 1. Each grayscale pixel has a brightness value ranging from 0 ͑black͒ to 255 ͑white͒. A grayscale threshold was applied to convert the original images to a binary ͑black and white͒, with white signifying the aggregates and black being the combination of mastic, air void and aggregate fines that can not be captured by the grid ͓see Fig. 6͑b͔͒ . The image size 102ϫ 102 mm was digitized to 784ϫ 784 pixels, and this results in a 0.13 mm/ pixel grid. 2. Segmentation techniques were applied to the binary image to ensure that neighboring aggregate pixels did not artificially connect together ͓see Fig. 6͑b͔͒ . Aggregates were digitally sieved with 50-pixel area size, which lead to a sieving aggregate size less than 1 mm. 3. Each sieved aggregate was then labeled and selected as a separate image. The boundary pixels of each aggregate were extracted, and the coordinates of these pixels were stored in an array for the ellipse fitting. 4. A least-squares, ellipse-fitting algorithm developed by Pilu et al. ͑1996͒ was incorporated to determine the "best" ellipse to represent each irregular aggregate geometry. The fitted ellipse was then generated for each sieved aggregate with the EllipFit code as shown in Fig. 6͑c͒ , and its geometry ͑center coordinates, size, and orientation͒ were stored for use in the finite-element model generation and simulation. Based on the ellipse parameters obtained from the image analysis, a computation model was generated using MATLAB as shown in Fig. 6͑d͒ . Neighboring ellipses were maximally filled with cementation as illustrated in Fig. 3͑b͒ . It happened in our computation model that the domain of the mastic cement was repeatedly accounted for the stiffness calculation of the neighboring particles. And these would affect the computational accuracy of sample stiffness. The overlapped elements were recorded in our model generation code, and the stiffness calculation of these overlapped elements will be investigated in our future model study. For this computational model, the porosity was approximately 4% and the sieved aggregate percentage was 62.5%. For indirect tension simulation, a special contact boundary condition was imposed on aggregates in contact with the top and bottom loading plates shown as Fig. 6͑d͒ . The normal contact behavior was simulated by using very stiff elastic finite elements, and a small sliding displacement was allowed between the contact aggregates and the bearing plates to model frictional behavior. The x and y displacements of the bottom plate and x displacement of top plate were fixed. Sample loading was achieved by incrementing the y displacement of the top plate. The model material parameters were chosen as E = 47.5 MPa, = 0.3, b = 2, and m = 1.2, and softening factors of c nc = 0.2, and c nt = 0.1, and c tt = 0.1.
In order to investigate the nature of the microstructural damage processes within the sample, a detailed numerical simulation was conducted on the image model shown in Fig. 6͑d͒ . The model assumes that there exists a continuous distribution of defects in the mastic material. This defect field is taken to grow with the material deformation, and this results in a softening response of particular elements in the FEM network. As per Eqs. ͑12͒ and ͑13͒, this softening behavior can affect the compression, tension, and shear behavior of the element. The image model was subjected to incremental loading, and during this process all elements within the model were monitored for softening behavior. The element softening evolution and load-displacement response for this model are illustrated in Fig. 7 . The initial onset of sample loading is shown in Fig. 7͑a͒ and this also indicates the initial tension and compression behavior within the finite element network. It was found that the largest compressional behavior occurred in elements near the loading plates, while elements across the loading centerline carried the greatest tension. Later loading steps are shown in Figs. 7͑b-d͒, and the locations of these steps for each model are illustrated by the square points on the overall load-displacement curve ͓Fig. 7͑e͔͒. Darkened lines in Figs.7͑b-d͒ indicate softening elements thereby illustrating considerable softening behavior with increasing load. It is observed that the evolution of softening damage primarily occurs in the central portions of the model sample where the element loading is the largest. The overall load-displacement response of the model Fig. 6 . Image processing and model generation for indirect tension sample: ͑a͒ grayscale image; ͑b͒ binary image with segmentation technique; ͑c͒ sieved aggregates ͑DϾ1 mm͒ and least-squares elliptical fitting; and ͑d͒ generated image model is compared with experimental test data in Fig. 7͑e͒ , and simulation results compare favorably with the data.
In order to simulate the fracture and failure behaviors observed in the actual test shown in Fig. 8͑a͒ , the failure criterion previously mentioned in Eq. ͑15͒ has been incorporated into the damage model. All elements within this image model were monitored for the failure behavior based on the failure criterion with c f = 0.05. The simulated fracture pattern at the final loading step was obtained by removing the failed elements as shown in Fig. 8͑b͒ . Fig. 8͑a͒ shows the actual damaged specimen from the laboratory test near the end of loading, and this compares well with the corresponding simulation result shown in Fig. 8͑b͒ .
Compression Image Model Generation and Simulation
Using the techniques described in the previous section, a compression image model was also generated from an actual asphalt concrete sample with grayscale shown in Fig. 9͑a͒ . Aggregates were again digitally sieved from the sample binary image with a 50-pixel area size ͑sieving size of 1 mm͒. The sieved aggregates were then least-squares fitted with elliptical particles as shown in Fig. 9͑b͒ . A numerical image model was generated based on these fitted particles with the maximally filled cement scheme as shown in Fig. 9͑c͒ . For this compression model, the porosity was approximately 1.5% and the aggregate percentage was 64.5%. The geometry dimensions were the same as the asphalt sample with length= 102 mm ͑4 in.͒, height= 63 mm ͑2.5 in.͒, and thickness =22 mm ͑7/8 in.͒. Displacement controlled boundary conditions were also used for the compression simulation. The x and y displacements of the particles on the bottom layer and the x displacements of the particles on the top layer were constrained. The y-displacement loading was incrementally imposed on particles of the top layer. The model material parameters were chosen as E = 75 MPa, = 0.3, b = 1.0, m = 0.4, and the softening factors c nc = 0.04, c tt = 0.01, c nt = 0.02, and the failure factor c f = 0.02.
Compression model simulation and comparisons with test data are shown in Fig. 10. Fig. 10͑a͒ shows the initial tension and compression force distribution within the microframe element network. Figs. 10͑b-d͒ show the element softening evolution for three different loading steps indicated by the sample vertical displacement ⌬. Darkened lines again indicate softening elements and the line thickness is related to the softening level. The overall load-displacement response of this compression model favorably matches the test data shown in Fig. 10͑e͒ . As in the previous simulation, the model failure predictions were used for this compression sample. Fig. 11͑a͒ shows the sample crack distribution observed in the actual compression test, while Fig. 11͑b͒ illustrates the model fracture pattern in the last loading step by artificially removing the failed elements from the network. It again appears that the microframe damage model has good ability to predict the sample global fracture behaviors.
Conclusions
A micromechanical model has been used to simulate the twodimensional damage behavior of asphalt concrete. The aggregatemastic microstructure was simulated with an equivalent finite element network that represented the load-carrying behavior between adjacent aggregates in the multiphase material. These network elements were specially developed from an elasticity solution for cemented particulates. Incorporating a damage mechanics approach with this solution allowed the development of a softening model capable of predicting typical global inelastic behavior found in asphalt materials.
Simulations were conducted on image models with realistic aggregate microstructure. These image models were numerically generated from surface photographic data of actual asphalt samples. This was accomplished through image processing and numerical aggregate fitting. Two specific models were developed from indirect tension and compression samples. Comparisons of the overall load-deformation behavior and the internal damage/ failure response were made between the test data and simulation results. The overall load-deformation model results shown in Figs. 7͑e͒ and 10͑e͒ compared favorably with the experimental data, and it appeared that the damage model was able to correctly predict the inelastic softening response typically found in such tests.
A further investigation was made into the evolution of the internal microdamage within the indirect tension and compression models. During incremental loading of the sample, all elements within the model were monitored for softening and failure behaviors, and the evolution of this damage was recorded. Similar photographic data from the actual tests were also collected on the surface damage/failure behaviors of each specimen. Comparisons of the model damage evolution with the experimental photographic data showed reasonable qualitative comparisons, and the model was able to generally predict the primary failure/fracture patterns observed. For example, within the indirect tension sample shown in Fig. 8 , the model was able to predict the irregular failure/fracture pattern caused by the large aggregates on the top of the sample. The model also appeared to correctly predict the shear or mode II failure in the compression specimen as shown in Fig. 11 .
The current two-dimensional model is limited to the assumption of uniform behavior through the thickness of the sample. Clearly this assumption is not accurate and a three-dimensional extension of the model is underway.
